Models of Weakly Interacting Massive Particles (WIMPs) specified at the electroweak scale are systematically matched to effective theories at hadronic scales where WIMP-nucleus scattering observables are evaluated. Anomalous dimensions and heavy quark threshold matching conditions are computed for the complete basis of lowest-dimension effective operators involving quarks and gluons. The resulting QCD renormalization group evolution equations are solved. The status of relevant hadronic matrix elements is reviewed and phenomenological illustrations are given, including details for the computation of the universal limit of nucleon scattering with heavy SU (2) W × U (1) Y charged WIMPs. Several cases of previously underestimated hadronic uncertainties are isolated. The results connect arbitrary models specified at the electroweak scale to a basis of n f = 3 flavor QCD operators. The complete basis of operators and Lorentz invariance constraints through order v 2 /c 2 in the nonrelativistic nucleon effective theory are derived.
Introduction
In the search for Weakly Interacting Massive Particles (WIMPs), experiments in the present decade and beyond will explore a broad range of processes [1] , such as dark matter (DM) production at colliders, DM annihilation at the galactic center and DM scattering from nuclear targets. Given the multitude of WIMP candidates and search strategies, it is imperative to develop theoretical formalism to delineate the possible interactions of DM with known particles, making clear which uncertainties are inherently model dependent and which can, at least in principle, be improved by further Standard Model (SM) analysis.
Particularly in the case of direct detection via nuclear scattering, determining the relation between an underlying particle physics model and the experimental observable (i.e., scattering cross section) demands analysis at multiple energy scales involving both perturbative and nonperturbative QCD. Relating physics at (and above) the weak scale to an effective theory in which hadronic observables are evaluated is a problem that has received significant attention in other arenas, such as flavor transitions involving heavy mesons [2] and electric dipole moment searches [3] . The analogous problem in dark matter direct detection contains a unique set of challenges whose study is the focus of the preceding [4] and present paper. In [4] we described the steps involved in matching an ultraviolet completion DM model, consisting of some number of SM gauge multiplets, onto an effective theory renormalized at the weak scale. Here we develop the framework for the systematic treatment of QCD effects when passing from a theory renormalized at the weak scale to a low-energy theory of quarks and gluons. We also identify pieces of the framework whose further development significantly impacts our knowledge of WIMP-nucleus scattering cross sections, including heavy quark decoupling relations in perturbative QCD, and nonperturbative scalar quark matrix elements of the nucleon in n f = 3 or n f = 4 flavor QCD. The results of this analysis can be used as the basis for detailed nuclear modeling. To this end we derive the nucleon-level effective theory and matching conditions through two-derivative order in the one-nucleon sector.
While the theoretical formalism is general, for the purposes of illustration we focus our phenomenological illustrations on the analysis of heavy SU (2) W × U (1) Y charged WIMPs. We do so for three reasons. Firstly, this scenario is highly predictive: in the limit of large WIMP mass, the WIMP-nucleon scattering amplitude is completely determined solely by SM parameters; secondly, this regime provides an important illustration of QCD effects, since generic cancellations between subamplitudes enhance sensitivity to subleading corrections; and thirdly, the hitherto absence of significant deviations between observations and SM predictions at the Large Hadron Collider and elsewhere may actually indicate a new physics scale lying somewhat above m W , m Z ∼ 100 GeV.
The unknown particle nature of dark matter is the source of great intrigue but also complicates any analysis wishing to draw unambiguous conclusions. The separation of energy scales, formalized by a sequence of effective theories, provides several choices for starting point when constraining potential WIMP interactions with SM fields, or in relating constraints or potential signals between observational methods. Each effective theory takes as input matching conditions computed in a higher scale theory; alternatively, giving up the connection to the high scale theory, one may start at any point in the sequence by taking effective operator coefficients as free parameters to be constrained by experiment.
At the highest scales, a UV complete model may be specified [5, 6, 7] , but may involve many poorly constrained parameters with degenerate effects on low energy observables. Restriction to a small number of postulated fields [8, 9, 10, 11, 12] , reduces the parameter number, but typically without justification for choice of field content. A sparse distribution of pure gauge states (measured in units of m W ) becomes generic when masses of particles beyond the SM (BSM) become large compared to m W . Here the heavy WIMP expansion maintains theoretical control in the absence of a specified UV completion and dramatically simplifies loop integral computations that become numerically dominant in this regime [13, 14, 4] . In the case of an assumed large mass scale for BSM particles mediating interactions with the SM, a basis of contact interactions can be investigated [15, 16] , although the connection between such contact interactions and UV completions may be unclear. As illustrated below in Section 6.1, care should also be taken to account for renormalization scale and scheme dependence when relating high scale constraints to low scale observables. The effects of renormalization group running in theories above the weak scale have been investigated in [17, 18] .
Under the assumption that BSM particles (except perhaps the DM itself) have mass at or above the weak scale, the remaining analysis is independent of which of the above approaches is taken to physics above the weak scale. The focus of the present paper is on the task of relating the resulting effective theory specified at the weak scale to the effective theory defined at low energy where hadronic matrix elements are evaluated. This n f = 3 flavor QCD theory is the natural handoff point from particle to nuclear physics. Here again, there are several choices for the starting point of a nuclear physics effective theory analysis. To the extent that nuclear matrix elements are determined by single nucleon matrix elements, an alternative would be to take the coefficients of single-nucleon operators as unknowns to be constrained by direct detection observables [19, 20, 21, 22] , generalizing the canonical spin-independent and spin-dependent DM-nucleon interactions, cf. (79) below, commonly considered in the presentation of DM direct detection limits [23, 1] . As discussed below in Section 5.2.1, when including v 2 /c 2 effects it is important to properly enforce Lorentz versus Galilean invariance in the effective Lagrangian. To the extent that multi-nucleon effects are relevant, the complete nuclear response cannot be derived from information contained solely in the single nucleon matching, requiring an extension of the effective theory to include such effects and/or additional information from quark-level matching [24] . A heavy particle effective theory may be constructed for an entire nucleus [25] but requires further analysis in order to directly compare experiments using different nuclei [26] . 1 The remainder of the paper is structured as follows. In Section 2 we discuss the construction of complete operator bases for DM-SM interactions after integrating out weak scale particles. We present leading order weak scale matching conditions onto the lowest dimension effective theory operators for an illustrative UV completion involving gauge-singlet DM (the case of SU (2) W × U (1) Y charged dark matter was considered in [4] ). In Section 3 we compute the relevant operator renormalization factors and anomalous dimensions. This section also presents the renormalization group evolution of effective operators and coefficients, and matching conditions at heavy quark thresholds. Section 4 reviews the relevant hadronic matrix elements and Section 5 describes the associated nucleon-level effective theory. Section 6 gives phenomenological illustrations of QCD effects in DM direct detection. For example, the results for renormalization factors in Sec. 3 are combined with the computation in [4] to obtain renormalized (MS) matching coefficients at the weak scale for electroweak-charged self-conjugate heavy WIMPs. Section 7 concludes with a summary and outlook. Appendices provide details of renormalization constants, and higher order nucleon matrix elements discussed in the main text.
Effective theory below the electroweak scale
The tabulation of operators at a given mass dimension involving SM fields and a finite collection of DM fields of given SM quantum numbers is a straightforward task, but requires some care to ensure a complete basis while avoiding redundant operators. We construct operator bases appropriate to energies below the weak scale, enforcing SU (3) c × U (1) e.m. × U (1) DM or SU (3) c × U (1) e.m. × Z 2 invariance, assuming a U (1) DM or Z 2 symmetry to stabilize the DM particle. The massive electroweak gauge bosons, W ± , Z 0 , the top quark, t, and the physical Higgs field, h, are integrated out, and we consider higher dimension operators suppressed by the weak scale, for definiteness taken to be m W . We focus on two cases: firstly, the case M m W for SM interactions with the (assumed electrically neutral) lightest state of a BSM sector; and secondly, the case M m W for SM interactions with a gauge singlet scalar or fermion. These cases cover a large space of models, and illustrate principles in any more general analysis.
Standard Model building blocks
For the SM degrees of freedom, we focus on the quark and gluon fields of n f = 5 flavor QCD, and consider the photon field only in the case of dimension five electric and magnetic dipole operators, i.e., when operators containing the photon are of lower dimension than quark and gluon operators. Operators with leptons may be constructed similarly to quark operators. The flavor diagonal, Hermitian, gauge-invariant SM building blocks through dimension four are
We will perform Fierz rearrangements to the basis without spinor contractions between SM and DM fields, hence only free vector indices appear in (1) . Collected within square brackets, [ ], are the different structures that may be applied to the same field bilinear. Total derivatives of building blocks are not listed above but must be considered in the construction of the effective lagrangian. We use the shorthand
∂ denoting a derivative acting to the left. Here Q denotes the electric charge in units of the proton electric charge e.
In writing (1) we have considered only quark flavor diagonal operators and imposed global chiral symmetries q L,R → e i L,R q L,R when quark masses vanish. These constraints can be formally justified by restricting to ultraviolet completions for which a U (3) L × U (3) u R × U (3) d R symmetry ("minimal flavor violation") can be defined in the electroweak-symmetric theory. Additional operators through dimension four consistent with these requirements are
However Lagrangian interactions containing (2) can be shown to be redundant by field redefinitions, leaving (1) as a complete basis of independent SM operators. It is straightforward to extend the building blocks in (1) to consider more general flavor structure.
Dark matter building blocks
For the dark sector, we focus on operators involving the lightest SU (3) c × U (1) e.m. -singlet WIMP state. We collect in the first two columns of Table 1 the lowest dimension Hermitian, gauge-invariant DM bilinears for relativistic scalar and fermion fields, denoted respectively by a complex valued φ Table 1 : Gauge-invariant DM operator building blocks of indicated dimension for a relativistic fermion and scalar, and a heavy-particle fermion. For the relativistic case, building blocks within curly brackets, { }, vanish for self-conjugate fields such as a Majorana fermion or a real scalar. For the heavy-particle case, building blocks within curly brackets, { }, are odd under the parity in Eq. (3). The list for a heavy-particle scalar (of mass dimension 3/2) is obtained by omitting building blocks with the spin structure σ µν ⊥ above.
and a four-component spinor ψ. We consider both the case where there is a conserved global U (1) DM DM particle number, i.e., a Dirac fermion or complex scalar, and the case where the DM particle is self-conjugate and odd under an exact Z 2 symmetry, i.e., a Majorana fermion (ψ = ψ c ) or a real scalar (φ = φ * ). As for the SM building blocks, we ignore total derivatives of DM bilinears, which must be considered when constructing lagrangian interactions.
In the regime where the DM has mass comparable to or heavier than the electroweak scale particles, M m W , the scale separation M m b allows us to employ the heavy-particle building blocks listed in the final column of Table 1 . We list the building blocks appropriate for a spin 1/2 or spin 0 heavy particle; effective theories for higher-spin particles may be similarly constructed. Lorentz transformations of the heavy particle field are governed by the little group for massive particles defined by the time-like unit vector v µ . A heavy fermion has two degrees of freedom which may be embedded in a Dirac spinor, χ v , with constraint v / χ v = χ v (see, e.g., Ref. [31] and Sec. 2 of Ref. [4] for more details). In writing the heavy-particle building blocks in Table 1 we assume field redefinitions that eliminate operators with timelike derivatives v · D acting on χ v , and hence only perpendicular components of derivatives, ∂ µ ⊥ , appear. In a standard notation we define spacelike (with respect to the timelike unit vector v µ ) "perpendicular" components using g
For lagrangians containing heavy fields describing self-conjugate particles such as Majorana fermions or real scalars, we may furthermore impose invariance under the self-conjugate parity, enforced formally by the simultaneous operations [32, 13] 
Equivalently we may impose CP T invariance, applying the usual CP T transformations for relativistic fields, but employing a modified version of CP T for the heavy-particle, under which 3
where S = iσ 2 for fermions and S = 1 for scalars [31] . In this formulation of the self-conjugate parity, the action of discrete symmetries transforms fields, but leaves the reference vector v µ unchanged. Hence, it may be readily employed even when the reference vector is fixed, e.g., to v µ = (1, 0) in the rest frame of the heavy particle.
2 Here C is the charge conjugation matrix acting on the spinor index of χv. It is symmetric and unitary and satisfies
For the extension to arbitrary spin see Ref. [31] . 3 The phases ξ, η and ζ under C, P and T do not affect scattering observables.
Operator basis
Upon combining the SM building blocks in (1) with the DM building blocks in Table 1 , and performing field redefinitions to eliminate redundant operators, we obtain the effective lagrangian for DM interactions below the weak scale.
For the relativistic scalar case we have the following interactions,
For antisymmetric tensors we define the shorthand notationT µν = µνρσ T ρσ /2 (we use the convention 0123 = +1). The ellipsis in (5) denotes operators of dimension six and higher involving the photon, and operators of dimension seven and higher involving quarks and gluons. For a real scalar the coefficients c φn vanish for n = 3, 4.
For the relativistic fermion case we have the following interactions, 
where the ellipsis denotes operators of dimension six and higher involving the photon, and operators of dimension eight and higher involving quarks and gluons. For a Majorana fermion the coefficients c ψn with n = 1, 2, 5, 6, 11, 12, 13, 14, 15, 16 vanish, leaving ten types of operators through dimension seven as considered in Ref. [15] . For the case of DM with mass M m W , we have the following interactions, 4 
where the ellipsis denotes operators of dimension six and higher involving the photon, and operators of dimension eight and higher involving quarks and gluons. In each of (5), (6) and (7) we have employed field redefinitions and chosen a basis of Hermitian QCD operators as in the following Section 3.1. 5 Lorentz-invariance constraints on the coefficients in Eq. (7) may be derived by performing an infinitesimal boost,
Relativistic fields transform in the usual way, while the heavy field χ v transforms as [33, 31] 
where the ellipsis denotes terms higher order in 1/M . Working through O(M −1 ) for photon operators and O(M −3 ) for quark and gluon operators, we find that the variation of Eq. (7) under the boost transformation vanishes upon enforcing the constraints
where the subscript q on coefficients of quark operators is suppressed. This leaves sixteen independent quark operators (for each quark flavor) through dimension seven, which reduce, upon imposing parity and time-reversal symmetry, to the seven operators describing nucleon-lepton interactions in NRQED [34] . The basis for a heavy scalar is obtained by omitting in Eq. (7) operators containing the spin structure σ µν ⊥ . The basis for a self-conjugate heavy particle is obtained by imposing invariance under Eq. (3) or Eq. (4); in particular we find that the coefficients c χn vanish for n=1, 2, 5, 6, 15, 16, 17, 18, 19, 20, 21, 22, 23, 24. 5 For the dimension four QCD operators, field redefinitions implement the equations of motion mqqσ
µναβ ∂α(qγσγ5q).
Weak scale matching
Above the weak scale, the theory for the WIMP, symmetric under SU (3) c × SU (2) W × U (1) Y , may be specified in terms of a renormalizable UV completion (e.g., a supersymmetric extension), a basis of contact operators in the case of a heavy mediator, or heavy particle effective theory in the case of a heavy WIMP. By performing a matching calculation between the theories above and below the weak scale, thereby integrating out the weak scale particles including W ± , Z 0 , t, h, we obtain a solution for the coefficients c i of the low-energy effective theories in Eqs. (5), (6) , or (7) in terms of parameters in the high-energy theory. As a simple illustration, let us consider the case of a Majorana fermion electroweak singlet. The lowest dimension operators involving SM interactions are given in the electroweak symmetric theory by
where the ellipsis denotes terms suppressed by higher powers of Λ, the scale associated with a heavy mediator. Let us further assume ψ to have mass parameter M m W , and hence organize the matching by a power counting employing a scale separation M m W Λ. Upon integrating out the physical Higgs field h and the top quark t, and performing the field redefinition,
to retain a positive real mass convention for ψ, we obtain the effective lagrangian below the weak scale
where the sum runs over the active quark mass eigenstates q = u, d, s, c, b, and the ellipsis denotes higher-order perturbative and power corrections. The physical DM mass and the effective couplings in the low energy theory are given at leading order by
Note that a vanishing c ψ1 does not imply a velocity-suppressed spin-independent cross section for WIMP nucleon scattering, since a nonvanishing c ψ8 ∼ (v 2 /M Λ)c 2 ψ2 is induced in the low energy theory. 6 While we do not pursue a detailed phenomenology of the model (13) , this example illustrates some generic features of weak scale matching. Firstly, particular UV completions may have nontrivial correlations and suppression factors amongst coefficients; e.g., c 3,4,9,10 are suppressed by loop (∼ g 2 ) or power (∼ 1/Λ) corrections. Secondly, effects that are naively absent from the high scale lagrangian are nonetheless present once a complete analysis is performed. It is essential to include a complete basis that is closed under renormalization and contains all operators not forbidden by symmetry.
Weak scale matching for an electroweak singlet Dirac fermion or (real or complex) scalar can be similarly performed. Weak scale matching for the case of electroweak charged dark matter, requires a more intricate analysis as detailed in Ref. [4] .
3 Operator renormalization, scale evolution and matching at heavy quark thresholds
Having determined the basis of effective operators and their coefficients at the weak scale, we may proceed to map onto a theory valid at lower energy scales. We identify the relevant QCD operators and compute their anomalous dimensions. We then solve the corresponding renormalization group evolution equations and enforce matching conditions at heavy quark thresholds, passing from n f = 5 renormalized at µ ∼ m W to n f = 3 (or n f = 4) renormalized below the charm (or bottom) threshold.
QCD operator basis
Inspection of the low-energy SM building blocks in (1) shows that, up to field redefinitions, the strong interaction matrix elements relevant for WIMP-SM interactions through dimension seven involve seven QCD operator classes collected in Table 2 : at dimension three we have the vector and axial-vector currents; at dimension four we have the antisymmetric tensor currents, the scalar operators, the pseudoscalar operators, the C-even spin-2 operators and the C-odd spin-2 operators. Each of these classes transforms irreducibly under continuous and discrete Lorentz transformations, and is separately closed under renormalization.
Operator
Renormalization constant 
5,gq = αs 4π
5,gg = 1 + αs 4π
gq = αs 4π 1 32 Table 3 : Renormalization constants for each of the seven operator classes arising in the lowenergy effective theory for the DM particle. Here n f is the number of active quark flavors and
Renormalization constants
Let us denote by O i a generic operator with coefficient c i belonging to one of the seven operator classes closed under renormalization. The relations between bare and renormalized operators and coefficients are given by
with an implicit sum over repeated indices. We define the operator renormalization constants Z ij in the MS scheme, except for the axial-vector and pseudoscalar operators where we consider an additional finite renormalization to retain a conventional axial current divergence and the scale independence of the quark pseudoscalar matrix elements. For vector currents, axial-vector currents, tensor currents and C-odd spin-two operators, the renormalization constants are quark flavor diagonal, and have the form Z ij = Zδ ij , with Z listed in Table 3 . For scalar, pseudoscalar and C-even spin-two operators, the renormalization constants, in the basis (u, d, s, . . . |g), have the form
with elements Z ij listed in Table 3 .
The vector currents, representing conserved quark number, ∂ µ V µ q = 0, evolve trivially under QCD renormalization. For the axial-vector currents, we consider separately the quark-flavor singlet and non-singlet combinations (see Eq. (48)), and work in the 't Hooft-Veltman scheme with the convention 0123 = +1,
The renormalization constants Z (singlet) A and Z (non−singlet) A include a finite correction in addition to the MS scheme [36] (see Appendix A for details), which retains the one-loop anomaly condition,
for the singlet combination, and imposes a vanishing anomalous dimension for the non-singlet combination. Terms contributing to the one-loop matching and two-loop anomalous dimension have been retained in both
. Corrections through three-loop order are also available [36] .
For the tensor current, the renormalization constant includes the contribution Z m (given in Appendix A) from the quark mass appearing in the definition of T q . Two loop corrections to Z T are also available [37, 38, 39] . For the scalar operators, the all-orders expression for the coefficient of the 1/ term of Z (0) is specified in terms of coupling and mass renormalization functions, 7
which are given explicitly in Appendix A.
For the pseudoscalar operators, we employ the γ 5 scheme in Eq. (17), and have included the contribution Z m from the quark mass appearing in the definition of O 5 . For the C-even spin-two operators, three-loop corrections to the renormalization constant are available from Refs. [40, 41] . For the C-odd spin-two operators, the two-loop anomalous dimension may be obtained from Ref. [42] .
Anomalous dimensions and renormalization group evolution
From the relations between bare and renormalized quantities in Eq. (15), we obtain the scale evolution equations
where the scale dependence and superscript "ren" on renormalized quantities in (15) have been suppressed, and we have defined the anomalous dimension matrix γ ij . In the MS scheme the anomalous dimension is given to all orders in α s in terms of the coefficient of 1/ in Z ij ,
7 A typo appears in the expression after equation (24) of [13] , which should read g Table 4 : Anomalous dimensions for the seven operator classes arising in the low-energy effective theory for the DM particle. Here we denote X ≡ g ∂ ∂g X.
The renormalization constants for axial-vector currents and pseudoscalar operators include a finite contribution beyond MS, and hence we employ the general definition in (20) to determine their anomalous dimensions. For vector currents, axial-vector currents, tensor currents and C-odd spin-two operators, the anomalous dimensions have the form γ ij = γδ ij , with γ listed in Table 4 . For scalar, pseudoscalar and C-even spin-two operators, the anomalous dimensions, in the basis (u, d, s, . . . |g), have the form
with elements γ ij listed in Table 4 . It is straightforward to solve for the evolution of coefficients from a high scale µ h down to a low scale µ l , employing the anomalous dimension for each of the seven operator classes. Let us express the solutions as
For vector currents, axial-vector currents, tensor currents and C-odd spin-two operators, the solutions have the form R ij = Rδ ij , with R listed in Table 5 . For scalar, pseudoscalar operators and C-even Operator Solution to coefficient running Table 5 : Solutions to coefficient running for each of the seven operator classes arising in the lowenergy effective theory for the DM particle. The coefficient running for C-even spin-two operators are given in terms of the function r(t) defined in Eq. (25).
spin-two operators, the solutions in the basis (u, d, s, . . . |g) have the form
where the n f × n f matrices 1 and J are respectively the identity matrix and the matrix with all elements equal to unity. For the scalar and pseudoscalar operators R= 0. The elements R ij are specified in Table 5 , where the results for the C-even spin-two operators involve the function
The vector and non-singlet axial-vector currents have vanishing anomalous dimension, and hence trivial scale evolution. For the singlet axial-vector current, non-trivial renormalization begins at Operator Solution to matching condition Table 6 : Heavy quark threshold matching relations for the seven operator classes. The strong coupling in the (n f + 1)-flavor theory is denoted α s .
two-loop. For the tensor current and C-odd spin-two operator we have presented the leading logarithmic order solutions. The chosen renormalization prescription ensures scale invariance of the quark pseudoscalar operators to all orders.
For most phenomenological applications we may simply evaluate the matrix elements of the Ceven spin-two operators in terms of parton distribution functions (PDFs) at the weak scale µ h ∼ m W . This avoids the need for renormalization group analysis (apart from matching to a convenient scale to evaluate matrix elements) and heavy-quark threshold matching conditions. Nonetheless, we include the above results for future analyses which may require an evaluation of tensor matrix elements at low scales, such as in considering multi-nucleon contributions to matrix elements [43, 24, 44] , or in investigating the power-suppressed mixing between scalar and tensor operators.
Heavy quark threshold matching
After evolving to the scale µ Q ∼ m Q , we integrate out the heavy quark, i.e., the bottom or charm quark, of mass m Q . The coefficients in the n f -and (n f + 1)-flavor theories are related by matching physical matrix elements. In terms of renormalized coefficients and operators the matching condition is
where primed and unprimed quantities are in the (n f + 1)-and n f -flavor theories, respectively. 8 Let us express the solution to the matching condition as
8 For example, the matching condition for scalar operators, between physical matrix elements in the 5-and 4-flavor theories, is given by c
, where primed and unprimed quantities are in the 5-and 4-flavor theories, respectively, and the scale dependence is implicit.
The vector currents have trivial matching conditions up to power corrections, while the axialvector currents, tensor currents and C-odd spin-two operators receive threshold matching corrections beginning at O(α 2 s ). Since the latter operator classes have nuclear spin-dependent and/or velocitysuppressed matrix elements in physical WIMP-nucleon processes at small relative velocity, we restrict attention to the leading effects of renormalization scale evolution as detailed in the previous section, and neglect heavy quark threshold matching conditions which are suppressed in each case by a further power of α s . 9 In terms of Eq. (27), we express these solutions in the basis (u, d, s, . . . |Q) as the n f × (n f + 1) matrix M ij = M δ ij , with i = u, d, s, . . . and j = u, d, s, . . . , Q. The constants M are collected in Table 6 .
For the scalar, pseudoscalar and C-even spin-two operators, threshold matching involving gluon operators begins at O(α s ), and the solution to the matching condition may be expressed in terms of
This parameterization is sufficient for matching at NLO for scalar operators [47] and at LO for pseudoscalar and C-even spin-two operators. 10 The elements M ij are given in Table 6 . Scheme dependence for the heavy quark mass (e.g. pole versus MS) appears at higher order. Due to the lightness of the charm quark, and correspondingly poorly convergent α s (m c ) expansion, WIMP-nucleon cross sections can depend sensitively on threshold corrections for the scalar operator. Contributions from matrix elements of the heavy quark operator, i.e., the column vector [48] . In the next section, we employ a sum rule for matrix elements of scalar operators, derived from the QCD energy momentum tensor, to obtain new relations amongst the elements of M (0) , thus extending the available results at higher-orders.
Sum rule constraints on scale evolution and heavy quark threshold matching
The equivalence of physical matrix elements determined in theories defined at different scales or with different numbers of active quark flavors, together with the solutions for coefficient evolution and matching at heavy quark thresholds given in Eqs. (23) and (27) , imply relations between operator matrix elements:
where · ≡ N | · |N denotes a physical matrix element (for definiteness we consider the matrix element in a nucleon state |N ). The first relation links operator matrix elements at different scales but with the same number of active quarks, while the second relation links operator matrix elements at the same scale (here taken to be the bottom threshold for definiteness) but with n f + 1 (primed) and n f (unprimed) active flavors.
The matrix elements O (S) i
are not independent but linked by sum rules derived from the trace and traceless part of the (symmetric and conserved) QCD energy momentum tensor θ µν . Let us focus on the scalar case, S = 0, where the sum rule for n f flavors is given by the trace part as
The sum rule relating matrix elements O (S) i in a theory with n f + 1 flavors has the analogous form. Consistency between Eqs. (29) and (30) yields a system of equations which imposes constraints on the matrices R (0) and M (0) . In the following, we drop the superscript (0) for brevity. In the case of scale evolution, the sum rule determines R. Starting from the general form,
which follows from the scale invariance of O (0) q , the functions R qg and R gg are determined by the system of equations derived from Eqs. (29) and (30):
This yields the results given in Table 5 .
In the case of heavy quark threshold matching, relations between elements of the matrix M can be similarly derived. Consider the general form,
where the n f × n f matrices 1 and J are respectively the identity matrix and the matrix with all elements equal to unity. The system of equations derived from Eqs. (29) and (30) yield the following relations
where the superscripts on γ m andβ denote the n f dependence, while the µ Q dependence is implicit. We may further simplify the matrix (33) . By dimensional analysis, the gauge invariant operator mmatches onto (G A µν ) 2 with power suppression, ∼ m q /m Q , and hence M gq ≡ 0. Conserved global chiral symmetries, q L,R → e i L,R q L,R when m q → 0, imply that integrating out the heavy quark Q in the presence of mdoes not induce mfor q = q, i.e., M≡ 0. 11 Finally, since the quark masses in the n f and n f − 1 flavor theories are defined to include the induced effects of the heavy quark, we have simply M≡ 1. These arguments imply from (33) a solution for all elements in terms of M gQ and M qQ :
Let us consider solutions for the elements of
where the superscript signifies that the strong coupling constant is defined in the (n f + 1)-flavor theory. Employing this α s counting and the O(α 4 s ) results for M gQ and M qQ from Ref. [48] , we may solve the relations in Eq. (34) order by order. 12 Let us work in the MS scheme, employing results for M gQ and M qQ , as well as for the nontrivial matching condition between α
found in Ref. [48] , expressed in terms of the heavy quark mass m Q defined in this scheme. Working through NLO, we recover the result in Table 6 . At NNLO, we find
At NNNLO, we find
Conversely, if M is known, the relation in Eq. (29) determines quark matrix elements in the (n f + 1)-flavor theory in terms of those in the n f -flavor theory, up to power corrections. Employing the results for M gQ and M qQ from Ref. [48] , the matrix element for the heavy quark in the (n f + 1)-flavor theory is given by
In the notation of Ref. [48] , MgQ = C1 and MqQ = C2 − 1. Scheme dependence of C1 and C2 enters at O(α
where the scale independent quantity λ ≡ (µ Q ) are also given in Ref. [48] in terms of the pole mass m given in Ref. [50] . In Sec. 4, we employ this solution to determine the charm scalar matrix element in the 4-flavor theory in terms of light quark scalar matrix elements measured in 3-flavor lattice QCD. We note that the solutions for M, Mand M gq , imply the equality of light quark scalar nucleon matrix elements in n f and n f + 1 flavor theories, up to power corrections,
Further iteration of these solutions determine scalar matrix elements for the bottom and top quarks. Our result in Eq. (39) disagrees with the result given in Eq. (B9) in Appendix B of Ref. [51] . In particular, the expression for O (0) Q given there implies results for M gQ and M qQ that do not agree with those of Ref. [48] beyond leading order. Moreover, employing the result of Ref. [51] in (34) yields the NLO result for arbitrary µ Q , M gg = 1 + O(α 2 s ), in disagreement with Ref. [47] . A complete comparison cannot be made since Ref. [51] does not specify a scheme choice for the heavy quark mass, however M gQ at O(α 2 s ), M qQ at O(α 3 s ) and M gg at O(α s ) are independent of scheme choice. In terms of the matrix element O (0) Q , the O(α s ) piece differs by terms proportional to log
and O(α 4 s ) pieces disagree even at µ Q = m Q . The scalar matrix element for a heavy quark was also determined in Ref. [52] , however a clear comparison is not straightforward given the details presented there. 13 
Low-energy coefficients
To summarize, the matrices R given in Table 5 of Sec. 3.3 and M given in Table 6 of Secs. 3.4 and 3.5 completely specify the mapping of coefficients down to low energies. For example, coefficients c i (µ t ) defined in the five-flavor theory at scale µ t are mapped onto coefficients c i (µ 0 ) defined in the 3-flavor theory at scale µ 0 as
Having determined these coefficients, we proceed to analyze the relevant nucleon matrix elements. 13 The result in Ref. [52] has the scaling O [54] , respectively. The uncertainties are combined in quadrature and symmetrized. The vector form factors for the neutron follow from approximate isospin symmetry expressed in (42).
Hadronic matrix elements
Having determined the structure of the effective theory in terms of quark and gluon degrees of freedom in n f = 3 (or n f = 4) flavor QCD, we may evaluate the resulting nuclear matrix elements at a renormalization scale µ ∼ 1−2 GeV. As a natural handoff point to nuclear modeling, the subsequent section identifies these matrix elements with matching coefficients of a nucleon-level effective theory.
In this section, we use nonrelativistic normalizationū(k)u(k) = m N /E k for nucleon spinors. For the matrix elements of the vector, axial-vector, C-even spin-two and C-odd spin-two operators, we employ approximate isospin symmetry, neglecting small corrections proportional to m u − m d and α, to relate proton and neutron matrix elements as
The proton and neutron tensor charges t q,N defined in Eqs. (52) and (53) are also related by (42) , while the matrix element of the tensor current T q itself requires the appropriate quark mass factor. For the scalar and pseudoscalar matrix elements, we tabulate both the proton and neutron form factors. The corrections to zero momentum transfer (q 2 → 0) are suppressed in the nonrelativistic regime of typical WIMP-nucleon scattering processes. We discuss the these corrections in Appendix B.
Vector current matrix elements
For vector currents we parametrize matrix elements as
where q ≡ k − k and N denotes a proton (p) or neutron (n). The Dirac F 
where a p ≈ 1.79 and a n ≈ −1.91. A phenomenological analysis employing lattice data [53] and a direct lattice simulation with n f = 2 + 1 dynamical quarks [54] support a small value for the strange contribution to the proton magnetic moment [55] ,
.
Equations (44) and (45), together with the approximate isospin symmetry expressed in (42), yield
Numerical values for the proton form factors are collected in Table 7 . The q 2 dependence of F (p,q) 1 (q 2 ) is described in Appendix B. Following from (42), the neutron form factors for i = 1, 2 are
Axial-vector current matrix elements
For the axial-vector currents we parametrize matrix elements as
and it is convenient to consider flavor non-singlet (A (3) , A (8) ) and flavor singlet (A (0) ) linear combinations,
In the limit of SU (3) flavor symmetry, the q 2 = 0 limit for these matrix elements can be extracted from hyperon semileptonic decay and νp scattering [56] , Table 9 : Tensor charges from a nonrelativistic quark model (µ unspecified) and the lattice measurement in Ref. [60] at µ ≈ 1.4 GeV for a proton. The values at µ = 1, 2 GeV are obtained by scale evolution of the tensor charges from µ = 1.4 GeV. The tensor charges for the neutron follow from approximate isospin symmetry expressed in (42) .
where D = 0.80(2) and F = 0.45 (2) . The non-singlet currents are scale independent but the flavor singlet current has weak scale dependence governed by the anomalous dimension γ (singlet) A in Table 4 , corresponding to the solution R (singlet) A in Table 5 . In particular, with n f = 3, running from µ = 2 GeV to µ = 1 GeV gives a factor of R Table 8 lists the matrix elements of definite quark flavor from solving (48) and employing numerical values in (49) .
The q 2 = 0 limit of these form factors may also be constrained by observables of polarized deep inelastic scattering, via
where ∆q(x, µ) is the quark helicity distribution evaluated at scale µ. Numerical values for these matrix elements extracted from the NNPDF collaboration's parameterization of ∆q in Ref. [57] are listed in Table 8 , showing a negligible scale dependence. Results from lattice calculations [58, 59] are numerically similar. The q 2 dependence of F (p,a) A is described in Appendix B. Following from (42), the neutron form factors are
The terms parametrized by induced pseudoscalar form factors F P in (47) are suppressed by two powers of |k|/m N , and lead to numerically small contributions in typical WIMP-nucleus scattering processes. For completeness we describe the leading contributions to these form factors in Appendix B.
Antisymmetric tensor current matrix element
For the antisymmetric tensor currents, we parametrize the matrix element as
where
is the covariant spin vector satisfying k µ s µ = 0 and s 2 = −1. In terms of structure functions appearing in polarized deep inelastic scattering, the tensor charges are given as
The functions δq(x, µ) are not yet well constrained experimentally. Table 9 lists values for the proton tensor charges t q,p from a nonrelativistic quark model with SU (6) spin flavor symmetry and from a lattice measurement [60] . Other estimates of t u,p , t d,p or t u,p − t d,p have been obtained using lattice QCD methods [61, 62, 63] , QCD sum rules [64] , modeling [65, 66] and semi-inclusive deep inelastic scattering data [67] . The tensor charges at µ = 1, 2 GeV in Table 9 are obtained by scale evolution of the tensor charges at µ = 1.4 GeV using the anomalous dimension γ T − γ m with γ T given in Table 4 and γ m the quark mass anomalous dimension given in Appendix A. Together with m q (µ), e.g., taken from the PDG [68] or Ref. [69] , the tensor charges in Table 9 specify the matrix element of the antisymmetric tensor current T µν q . Following from (42), the neutron tensor charges are
Scalar matrix elements
For the dimension four scalar operators, we restrict attention to forward nucleon matrix elements. Let us define
where the appearance of the numerical factor involving α s (µ) is purely conventional. The operator matrix elements are not independent, being linked by the sum rule in Eq. (30) as
ignoring O(1/m N ) power corrections. Combining (55) and (56) we have
where λ = q=u,d,s f
q,N , the scale dependence is implicit, and the second equality is obtained by neglecting γ m and O(α 2 s ) contributions toβ. In Sec. 6, we will see that corrections to the leading order relation are numerically important in the case of electroweak-charged WIMPs.
We may extract the up and down quark scalar nucleon matrix elements from the scale-invariant combinations,
where the upper (lower) sign in Σ − is for the proton (neutron) [70] . The numerical value for the pion-nucleon sigma term Σ πN is the lattice result from Ref. [71] with errors symmetrized. For the strange scalar nucleon matrix element, we use the updated lattice result m N f
s,N = 40 ± 20 MeV from Ref. [72] , where we assume a conservative 50% uncertainty compared to their estimate of 25%.
For models with identical couplings to up and down quarks, it is sufficient to take as input m N f where we employ the quark mass ratios adopted from PDG values [68] (symmetrizing errors),
The resulting numerical values for the light quark scalar matrix elements are collected in Table 10 . The uncertainties in f 
where we use λ ≈ Σ πN /m N + f c,N is presently dominated by hadronic inputs, and in (61) we neglect the small uncertainty (< 1%) from scale variation of µ c . Recent lattice measurements of the charm matrix element in Refs. [73] and [74] have determined
which are consistent within large errors with (61) . As discussed below (39), we find discrepancies with previous determinations of the heavy quark scalar matrix elements [51, 52] . 14 Nonetheless, due to a large O(30%) uncertainty in λ, the resulting numerical values are consistent. A nonperturbative determination of the charm and light quark matrix elements in 4-flavor lattice QCD would avoid uncertainties associated with the charm scale µ c ∼ m c , such as O(1/m c ) power corrections and O(α s ) perturbative corrections. In Sec. 6, we investigate the evaluation of the spin-independent cross section for heavy electroweak-charged WIMPs in the 4-flavor theory. Table 11 : Scale invariant quark pseudoscalar form factors evaluated at κ(0, µ) = 0. We list numbers for the proton and neutron obtained from (65) with inputs from (60) and (49), and compare to the values in Table II of Ref. [75] . The first, second and third uncertainties are respectively from R ud , F 
Pseudoscalar matrix elements
For the quark and gluon pseudoscalar operators we parametrize the matrix elements as
where the quark pseudoscalar operators have been defined independent of renormalization scale, while the gluon operators have a weak scale dependence. The matrix elements in Eq. (63) are related to the matrix elements of the axial vector current through the axial anomaly in Eq. (18) . Employing the matrix elements for the non-singlet axial-vector currents in Eq. (49), together with the additional definition,
we find the following quark pseudoscalar form factors at q 2 = 0:
where the quark mass ratios R= m q /m q are given in (60) and ω is the scale independent quantity,
In the absence of better information on the quantity κ(q 2 , µ), we list numerical values for the quark form factors in Table 11 setting κ(0, µ) = 0, as motivated by large N c arguments [75] . This standard Table 12 : Form factors for C-even spin-two operators derived from MSTW analysis [76] at different values of µ. The neutron form factors follow from approximate isospin symmetry expressed in (42) .
ansatz should be revisited if observables are found to be sensitive to nonzero ω. The matrix element for the pseudoscalar gluon operator may then be obtained through Eq. (18),
As discussed below (49), the scale dependence from the singlet axial-vector form factor F (p,0) A (0, µ) is weak. The neutron form factors presented in Table. 11 were obtained using approximate isospin symmetry for the axial-vector currents, i.e., taking F 
C-even spin-two matrix elements
For C-even spin-two operators, the forward matrix elements are parametrized as
and are identified as moments of parton distribution functions constrained in unpolarized deep inelastic scattering,
where q(x, µ) is the parton distribution function evaluated at scale µ. Neglecting power corrections, the sum of spin two operators is identified as the traceless part of the QCD energy momentum tensor, Table 12 lists coefficient values for renormalization scales µ = 1, 1.2, 1.4, 2, m W / √ 2, 100, m t √ 2 GeV using the parameterization and analysis of MSTW [76] . Following from (42) , the neutron form factors are f
4.7 C odd, spin two matrix elements
5s,p (µ) 1.0 0.186 (7) Table 13 : Form factors for C-odd spin-two operators derived from NNPDF analysis [57] at different values of µ. The neutron form factors follow from approximate isospin symmetry expressed in (42) .
For C-odd spin-two operators, we parametrize the matrix elements as [77] 
where s µ is the nucleon spin defined below (52) . The coefficients are moments of polarized structure functions Table 13 lists coefficient values for the proton, at renormalization scales µ = 1, 1.2, 1.4, 2 GeV using the parameterization and analysis of NNPDF [57] . Following from (42), the neutron form factors are
5s,n = f (2) 5s,p .
Nucleon level effective theory
At energy scales much lower than Λ QCD , m π , it is useful to employ an effective description in terms of nucleon degrees of freedom. We consider WIMP-hadron interactions given either through electromagnetic couplings, or by contact operators with contractions of Lorentz vector indices (perhaps including heavy-particle reference vectors v µ ) and the QCD operators of the previous section. The heavy nucleon lagrangian is given by
where D µ = ∂ µ − ieQA µ is the electromagnetic gauge covariant derivative, and we have introduced the timelike invariant vector u µ for the nucleon N u , in addition to v µ for the WIMP.
Matching conditions in single nucleon sector
We begin by constructing the heavy particle representation of the nucleon. For the SM current, at d = 2 we require the representation for the photon F µν , which is trivial. At d = 3 we have the vector and axial-vector currents which match to
where we have expressed the matching coefficients (the quantities in square brackets) in terms of the form factors of the previous section, and decomposed the currents into components along and perpendicular to u µ . At d = 4, we work through O(1/m N ), i.e., first derivative order, and have the antisymmetric tensor currents, the scalar and pseudoscalar operators, and the C-even and C-odd spin-two operators. Employing the notation in Table 2 and expressing results in terms of matrix elements of the previous section, the matching conditions are
where the subscript label N on form factors has been suppressed.
Nucleon effective theory for light mediators
The forgoing analysis, with additional matching onto multinucleon operators, provides a general framework for WIMP-nucleus scattering in the case where all new states in the dark sector have mass Λ QCD , such that below this scale, a complete description is possible in terms of a systematic expansion of operators in n f = 3 flavor QCD. Subsequent matching onto nucleon operators is given simply by evaluating the necessary form factors, whose low-q 2 behavior may be determined by lattice QCD, chiral perturbation theory or other nonperturbative methods.
For completeness let us consider a more general situation allowing for light degrees of freedom, with mass only assumed large compared to a typical WIMP-nucleon momentum transfer. 15 We assume that all new states of the dark sector are integrated out, and consider the resulting basis of operators in the one-nucleon sector. Specializing to the choice v µ = u µ = (1, 0, 0, 0), and neglecting electromagnetic interactions, the kinetic terms may be written,
where N and χ denote the nonrelativistic nucleon and WIMP fields, respectively. For interactions even under P and T , we find through dimension eight the operators [34, 78] ,
where the naming scheme for Wilson coefficients is from Ref. [34] . (Note in particular that d i for i = 7, 10 are absent in (79), since these operators are proportional to electromagnetic field strength.) Lorentz symmetry is imposed by enforcing invariance under the infinitesimal boost η [31, 34] 
This implies the constraints,
where r = m χ /m N . With these constraints in place there are ten independent P and T conserving four-fermion operators through dimension eight, including two operators at dimension six.
Operators even under T but odd under P are
Relativistic invariance enforces the constraints
leaving three independent operators. Operators odd under both P and T are
leaving three independent operators. Operators even under P and odd under T are
leaving four independent operators.
Lorentz versus Galilean invariance
We remark that the basis of operators in Eq. (79) under the constraints in (81) is Lorentz invariant. If in place of the transformations in (80) we instead enforced Galilean symmetry [19] , defined by
we would obtain constraints on dimension eight operators different from (81) . 16 These constraints would imply that all Hermitian operators are constructed from the combinations of derivatives corresponding to
where p and k (p and k ) are the incoming (outgoing) momenta of N and χ respectively. In particular, the violation of Lorentz symmetry obtained by using (88) in place of (80) would manifest itself as the absence of operators coupling to total momentum P ,
Note that Lorentz symmetry links a leading order nucleon spin-dependent operator (d 1 ) to subleading nucleon spin-independent operators. The phenomenological impact of such terms remains to be investigated. Note that Lorentz symmetry cannot be obtained by enforcing additional constraints on operators present in the Galilean invariant theory.
Phenomenological illustrations
The forgoing analysis provides a framework to systematically evolve coefficients defined at the weak scale, to obtain the effective low-energy theory where nuclear matrix elements are evaluated. As illustration we focus attention on two cases: firstly the specification of contact interactions at or above the weak scale, and secondly, the specification of the complete basis of coefficients at the weak scale by the leading order of the heavy WIMP expansion.
Contact interactions
Consider the contact interactions between a Majorana fermion WIMP and SM fields given in Eq. (6). As a simple illustration, let us focus on the set of operators
where coefficients b u,d,g may be constrained by collider production bounds [15] or engineered to produce a desired WIMP-nucleus scattering phenomenology [79] . An observable of interest for the latter is the ratio f n /f p of the effective spin-independent WIMP-neutron (f n ) and WIMP-proton (f p ) couplings. 17 We show in Fig. 1 predictions for f n /f p from the model in Eq. (91), highlighting large effects from hadronic matrix element uncertainties and the choice of QCD renormalization scale. The left panel illustrates uncertainties from varying the SM quantities Σ − and R ud = m u /m d given in (58) and (60) . 18 The right panel illustrates the uncertainty from not specifying the renormalization scale at which the coefficients b i are defined. Meaningful predictions for f n /f p require both a precise knowledge of hadronic inputs and a careful treatment of renormalization effects. Similar considerations apply to other applications that relate constraints on contact interactions at the electroweak scale to low energy observables such as direct detection cross sections or annihilation rates for low mass WIMPs. 16 Galilean constraints would be given by the formal limit d1 = d2 = 0 in (81) . 17 In terms of the couplings in (79), fp and fn are proportional to d (58) and (60). We illustrate the effect of non-zero b g in the right panel, with b d = −b u = 0.01 and Λ = 400 GeV. The solid (dashed) line is the prediction assuming that the coefficients b i are defined at a high (low) scale µ ∼ m t (µ ∼ m c ). The inset shows the curves over the same vertical range, including uncertainty bands for the solid line from variation of Σ − (gray) and R ud (red). In both cases the variation from Σ πN is subdominant.
Heavy, electroweak-charged WIMPs
We consider the heavy WIMP limit (M m W ) for the cases of a self-conjugate electroweak triplet of hypercharge zero ("wino-like"), and an electroweak doublet of hypercharge 1/2 ("higgsino-like"). For the latter, we assume mass perturbations that cause the mass eigenstates after EWSB to be selfconjugate combinations, thus forbidding a phenomenologically disfavored tree-level vector coupling between the lightest electrically neutral state and Z 0 (see Section 4 of Ref. [4] for details). The bare effective lagrangian at the weak-scale describing interactions of the lightest electrically neutral self-conjugate WIMP (of arbitrary spin) with low-energy SM degrees of freedom is given by
where the scalar and C-even spin-two operators, O
q,g and O
q,g , are given in Table 2 , and the coefficients are defined to include the mass suppression 1/m 3 W . The bare matching coefficients for both wino-like and higgsino-like cases were computed explicitly in Ref. [4] and are reproduced here for completeness: 19
19 Spin-0 results were also obtained in [80] .
arctan 4y
We denote generic up-and down-type quarks by U and D, respectively, and the Kronecker delta, δ Db , is equal to unity for D = b, and vanishes for D = d, s. We have used CKM unitarity, D |V U D | 2 = 1, to simplify the results; in practice it is sufficient to set V tb = 1 for the numerical analysis. Beyond the specification of the WIMP electroweak quantum numbers J and Y through the constants
the matching coefficients are completely given by SM parameters in the heavy WIMP limit. The wino-like and higgsino-like results are obtained by setting C W = 2 , C Z = 0 and C W = 1/2 , C Z = 1/4, respectively. Let us now consider the evolution down to low energies for these weak scale coefficients, and the subsequent evaluation of hadronic matrix elements to obtain the benchmark low-velocity singlenucleon scattering cross section.
Coefficient renormalization
Let us employ Z (0) and Z (2) through O(α s ) given in Table 3 to derive the relation between bare and renormalized coefficients at first non-vanishing order. From the definition in (15), the renormalized coefficients for the scalar operators are
while for the C-even spin-two operators, we find
In particular, a nontrivial subtraction requiring the O( ) part of the coefficients c (2)bare q is necessary to obtain the renormalized coefficient c (2) g (µ). Employing (96) and (97), we find the renormalized coefficients The results for scalar coefficients presented in the left panel of Table 14 employ R (0) and M (0) at NLO. The high-scale gluon coefficient is small, having a factor of α s (µ t ), but increases at lower scales due to running and heavy quark threshold effects. A large nucleon matrix element for the gluon makes it a dominant contribution to the scattering cross section.
In the present example, mixing between the scalar quark and gluon operators shift the quark coefficients by O(5 − 10%). For applications with only a gluon coefficient c (0) g (µ t ) at the high scale, the mixing would induce nonzero quark coefficients at the low scale, e.g., c The results for C-even spin-two coefficients presented in the right panel of Table 14 employ R (2) and M (2) at LO. The high-scale gluon coefficient is O(10%) of the u, d, s, c quark coefficients, and contains a large uncertainty of ±O(40%) from scale variation of µ t . Hence, the C-even spin-two gluon coefficient is required for a robust estimate of perturbative uncertainties. In the next section, we will see that due to destructive interference between the scalar and C-even spin-two amplitudes, the gluon coefficient has a sizable impact on scattering cross sections of heavy WIMPs.
Amplitudes and cross section predictions
Let us evaluate the scalar and C-even spin-two amplitudes in the 3-flavor theory at a low scale µ 0 to determine the scattering cross section for heavy electroweak charged dark matter. 20 From the coefficients of the previous section and the matrix elements discussed in Sec. 4, the amplitudes are given by M and its perturbative (short dash) and hadronic (long dash) uncertainties as given in Eq. (100). We describe each evaluation (labelled 1 through 9) in the text. For the pure doublet, the cross section corresponding to amplitude 1 is not shown.
For the cases of pure triplet and pure doublet scattering on a proton target, we find the C-even spin-two (S = 2) amplitudes
where the superscripts T and D denote triplet and doublet, respectively. The first uncertainty is from scale variation, while the second is from PDF inputs. We neglect the uncertainties from variation of µ b , µ c and µ 0 which are of O(1%). The amplitudes for scattering on a neutron are numerically similar.
For the scalar amplitude (S = 0) we present several evaluations in the upper panels of Fig. 2 to illustrate the impact of perturbative QCD corrections. The amplitudes numbered 1 through 4 employ NLO solutions for the running from µ t to µ c and for the matching at the bottom and charm thresholds. Below the charm threshold, amplitudes 1, 2, 3 and 4 respectively employ LO, NLO, NNLO and NNNLO in the running to the low scale µ 0 and in the scalar gluon matrix element determined from the sum rule. 21 For amplitudes 1, 2, 3 and 4, the scale µ c dominates the perturbative uncertainty.
The increased uncertainty in amplitudes 3 and 4 reflects α s (µ c ) corrections to the charm threshold matching and to the running from µ b to µ c beyond the included NLO corrections; i.e., reduction of the µ c scale dependence requires a cancellation between α s (µ c ) corrections above, at and below the charm scale. The new corrections to threshold matching obtained in Sec. 3.5 provide the missing ingredients required for such a higher order analysis. Including corrections through NNNLO to the running from µ b to µ c and to the charm threshold matching (employing (37), (38) and Ref. [48] for M gQ and M qQ ), we obtain amplitude 5 with reduced perturbative uncertainty.
The framework described in terms of the solutions R and M is equivalent to a perturbative determination of the scalar amplitude. The µ 0 dependence cancels between the gluon matrix element and the running below the charm threshold, yielding a result depending on the scales µ t , µ b and µ c only. Working through NLO, we obtain the amplitude
s (µ c ) 4π
q,N , and the leading-order α s result is well-known from Ref. [81] . Since the quark matrix elements are scale independent and, neglecting power corrections, are not corrected at heavy quark thresholds, the result in Eq. (101) is the same whether obtained in a 4-or 5-flavor theory employing the NLO solution given in (39) for the charm and bottom matrix elements. Given the ingredients in Sec. 3.5, it is straightforward to extend this result to NNNLO. For illustration, we include in Fig. 2 the amplitudes corresponding to the LO and NLO result in Eq. (101), labelled 6 and 7, respectively. The LO result has no scale variation, while the NLO result gives an estimate of perturbative corrections that is consistent with amplitudes 2 and 5, albeit smaller. 22 The amplitudes 8 and 9 in Fig. 2 are evaluated in the 4-flavor theory, employing the charm matrix elements given in (62) . The large hadronic uncertainty reflects those of the lattice measurements, while the scale uncertainty is small, having avoided a perturbative treatment of the scale µ c .
The cross section for scattering on a nucleon target is obtained from the amplitudes as
In the case of heavy electroweak-charged WIMPs, opposite signs of the scalar and C-even spin-two amplitudes lead to destructive interference. There is a large cancellation for scalar amplitudes near the vertical lines denoting the magnitude of the C-even spin-two amplitude in the upper panels of Fig. 2 . Cross section predictions are shown in the lower panels with labels corresponding to the scalar amplitude employed. For the triplet, the cross section prediction given in Ref. [14] corresponds to amplitude 4 in Fig. 2 , and gives a conservative estimate of scale uncertainty. An improved estimate with reduced scale uncertainty is given by the cross section corresponding to amplitude 5,
where the first (second) uncertainty is from scale variation (hadronic inputs). The remaining scale uncertainty is dominated by µ t variation in the C-even spin-two amplitude, and its reduction requires higher-order matching at the weak-scale. For the doublet case, the improved estimates lead to the same conclusion in Ref. [14] ,
In the case of strong destructive interference, the cross section prediction and its fractional uncertainty become highly sensitive to perturbative corrections and changes in parameter inputs.
Summary and discussion
The analysis of WIMP dark matter scattering on an atomic nucleus is a challenging field theory problem involving multiple energy scales, ranging from mass scales of SM extensions ( TeV), to the electroweak scale (∼ 100 GeV), heavy quark thresholds (∼ 5 GeV), QCD and pion mass scales (∼ 100 MeV), nuclear excitation scales (∼ MeV), and finally recoil energies in direct detection experiments (∼ keV). A sequence of effective theories capitalizes on these scale separations, permitting a systematic expansion in small ratios such as m W /M DM , m b /m W and Λ QCD /m c . A corresponding sequence of matching computations and renormalization group evolution provides the connection between the parameters of high scale physics models and low energy observables. The preceding paper [4] of this series treated the problem of weak scale matching, which may proceed from a specified UV completion, or employ the heavy WIMP expansion to compute matching coefficients independent of the detailed UV completion. The remaining steps in the sequence are independent of the origin of the weak scale matching coefficients, and in this paper we have treated the problem of relating the resulting theory renormalized at the weak scale to an effective theory renormalized at low scales ( m c ) where hadronic matrix elements are evaluated. We discussed some aspects of the further evaluation of nuclear matrix elements, and presented either the n f = 3 flavor QCD theory, or the single nucleon theory discussed in Section 5, as a natural handoff point to detailed nuclear modeling. Section 2 presented the basis of lagrangian interactions between scalar or fermion WIMPs and SM fields; for fermionic WIMPs, we considered photon interactions through dimension five, and quark or gluon interactions through dimension seven. These capture the leading interactions for either complex (Dirac) or self-conjugate (Majorana) WIMPs. A sample matching calculation onto this basis from a gauge-singlet WIMP UV completion was performed in 2.4; the case of electroweak charged dark matter was discussed in [4] . Seemingly dramatic effects can emerge when passing from high to low scales, generically involving processes that are naively absent but not forbidden by symmetry. Examples include the chiral rotation to mass eigenstates that induces an operator mediating spinindependent scattering, as considered in Section 2.4. Similarly, dipole interactions of WIMPs with the electromagnetic field (c χ1 and c χ2 ) can be induced by heavy quark loops from a theory which at some renormalization scale contains only contact interactions with quarks [82] . These examples highlight the importance of working in a low energy basis that is closed under renormalization, and that contains all operators not forbidden by symmetry. For self-conjugate WIMPs of mass M m W , the n f + 1 spin zero operators involving O
q,g and n f + 1 spin two operators involving O (2) q,g in (92) determine spin independent interactions with nuclei. Remaining agnostic regarding UV completion, one could investigate direct detection constraints on these 12 coefficients (n f = 5). Large redundancies in the parameters would appear since the effects of heavy quarks are degenerate with those of light quarks and gluons; passing to n f = 3 leaves 8 coefficients that could be constrained in principle by a suite of direct detection observables. The spin zero operators mand (G a µν ) 2 have received most attention, but equally large contributions are obtained in many cases from spin two operators [14] .
Section 3 considered the seven classes of QCD operators appearing in the basis for WIMP interactions with quarks and gluons. Each class is separately closed under QCD renormalization. Leading operator renormalization factors, anomalous dimensions, and threshold matching corrections were presented. Special attention was paid to the dimension four scalar operators, since this sector drives the final cross section uncertainty in many WIMP models. In particular, poor convergence of perturbation theory at the charm mass scale implies sensitivity of scattering observables to high orders in the α s expansion. We performed a new analysis using sum rule constraints to derive the heavy quark threshold matching corrections for light quark and gluon interactions induced in the presence of a high scale gluon operator. To our knowledge, the expressions (38) are new. The solutions to RG evolution were obtained; combined with threshold matching corrections, these results provide the mapping of weak scale coefficients onto the low-energy theory containing the WIMP and n f = 3 flavor QCD.
While a complete analysis of general nuclear matrix elements is beyond the scope of this work, in order to compute benchmark single nucleon cross sections, and make contact with nuclear models, Section 4 considers the nucleon matrix elements for each of the seven classes of relevant QCD operators. Again, special attention is paid to the scalar operator matrix elements. We provide an updated value for the perturbative prediction of the charm scalar matrix element in terms of n f = 3 flavor QCD quark matrix elements. We surveyed current knowledge concerning the remaining nucleon matrix elements, providing a guide to the level of uncertainty in each case. Constraints on these matrix elements arise from a wide range of techniques and approximations: elastic and inelastic electron and neutrino scattering; SU (3) baryon spectroscopy and chiral perturbation theory; lattice QCD; and sum rule and anomaly constraints to relate gluon and quark matrix elements.
The significance of the remaining uncertainties depends on the WIMP model under investigation. Several matrix elements are also of relevance to nucleon electric dipole moment searches [83, 3] and remain a target for further improvement from lattice studies, or potentially (as concerns F (p,0) A (0) in (49)) neutrino scattering [84, 85] . Let us single out several hadronic quantities that can be traced directly to significant (sometimes dramatic) uncertainties in WIMP models. The strange scalar matrix element is a well-known source of uncertainty in spin independent WIMP-nucleon scattering [86] , as illustrated in Fig. 2 . The quark mass ratio m u /m d and isovector scalar matrix element Σ − in (58) drive an O(1) uncertainty in connecting f n /f p to underlying quark-gluon operators in some well-studied scenarios (cf. Fig. 1) . A charm scalar matrix significant different from the OPE (in 1/m c ) prediction would significantly alter predictions for spin-independent scattering (cf. Fig. 3 of [14] ). Clearly there is further room for significant, albeit model-dependent, impact from lattice QCD on dark matter direct detection.
For scenarios including light force mediators in the dark sector, we considered the heavy particle effective lagrangian for nucleons and WIMPs in Section 5. As discussed in Section 5.2.1, our basis differs (apart from notation) from a basis constrained by Galilean invariance [19] by the inclusion of operators forbidden by Galilean but not Lorentz invariance, and corresponding coefficient relations.
As phenomenological illustrations we considered two examples. The first involved relating contact interactions specified at the weak scale to the low-energy effective theory at hadronic scales. The chosen example exhibited a strong and previously unappreciated sensitivity of the ratio f n /f p (spinindependent WIMP nucleon couplings) to both hadronic matrix element uncertainties and QCD scale choice. The formalism presented here may be used to systematically relate more general classes of weak-scale contact interactions [87, 15] (and other) models to low energy observables of direct detection, or annihilation of low-mass WIMPs. The second phenomenological example provided details of the first complete calculation of the leading spin-independent WIMP-nucleon cross section in SM extensions consisting of one or two heavy (M m W ) electroweak SU (2) W ×U (1) Y multiplets. Inclusion of higher orders in perturbation theory for charm threshold corrections improves upon but does not significantly alter the conclusions previously reported in [13, 14] . While further analysis of power corrections and nuclear modeling is warranted, it is likely that such WIMP candidates will remain an elusive target for next generation direct detection searches [88, 89] .
QCD corrections have an important impact on many WIMP models, and must be systematically incorporated in order to meaningfully compare theory and observation. A number of extensions can be readily considered, e.g., including new gauge interactions beyond the SM, higher spin DM, and inelastic scattering.
A Renormalization constants
A.1 Finite corrections to the axial-vector and pseudoscalar renormalization constants
The renormalization constants given in Table 3 for the axial-vector currents and pseudoscalar operators include a finite correction in addition to the MS scheme [36] , 
The mass renormalization constant Z m , also appearing in the renormalization constant Z T of the antisymmetric tensor current T q , is given by 
Terms contributing to one-loop matching and two-loop anomalous dimension are retained in the renormalization constants in (106) and in Z
5gq and Z
5gg given in Table 3 . 23
A.2 QCD beta function and quark anomalous dimension
The renormalization constant for the scalar operators is given in terms of the QCD beta function β and the quark mass anomalous dimension γ m . We define these as 23 In the notation of Ref. [36] , where a different operator basis involving J ≡ q ∂µA µ q was chosen, we have Z is given in (105) and Z GG,MS , Z GJ,MS are the quantities denoted by Z GG , ZGJ in Ref. [36] .
where the ellipses denote terms higher order in α s , and the required functions are we may solve for the leading Taylor expansion of the quark vector current matrix elements, 
Again, we approximate the neutron form factors by the corresponding proton form factors using approximate isospin symmetry expressed in (42) . The q 2 dependence of axial-vector form factors may be investigated, writing 
with m
A ≈ m
A ≈ 1.0 GeV denoting an "axial mass" scale. There remains considerable uncertainty on the q 2 dependence of the isovector axial-vector form factor, with a conservative treatment of shape uncertainty yielding [93] For the induced pseudoscalar form factors, the isovector component is best determined [94] ,
with f π = 93 MeV, m π and m p denoting the charged pion and proton masses respectively, g A = 1.267(4) the axial coupling constant, g πN = 13.1(4) the pion-nucleon coupling and r 2 A /6 = 2/m (3)2 A giving the slope of the form factor as in (114). In particular, in the chiral limit,
diverging as m π → 0. For the octet contribution, a similar enhancement behaving as m 2 p /m 2 η emerges,
while for the flavor singlet case the absence of a pseudo Nambu Goldstone boson coupling to the current implies the absence of such an enhancement,
Large SU (3) breaking corrections modify relations such as (117), which should be accounted for by allowing significant variation in the assumed form factors.
B.2 Heavy quark scalar matrix elements
The O(α 3 s ) term in (39) 
